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Abstract

In this chapter we will give a brief overview on our current theoretical understanding
how planets form from the solid material in circumstellar disks in the core accretion-
gas capture model. This chapter will not be as concise and complete as a review on
this matter, yet will serve as an introductory text to generate interest in the subject.
Students are referred to comprehensive text books and some important reviews.

This chapter will discuss ”dusty storms”, e.g. the dust transport in turbulent
protoplanetary disks, followed by the latest model of planetesimal formation, e.g.
gravoturbulent planetesimal formation, which deals with particle concentration in
turbulence and N-body simulations thereof. We also briefly describe the core ac-
cretion - gas capture process and talk about nascent planets, e.g. the observability
of planet-disk interaction concluding with the migration of young planets and the
final arrangement of planetary systems.
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1 Introduction

Planet formation is most likely not one single process, as it is likely in the
case of star formation, but consists of several consecutive steps each building
upon the material produced in the previous steps. The first step is the growth
of dust in circumstellar disks to larger and larger aggregates via collisional
sticking. This process is extensively discussed in the chapter by Alexander.
Sticking ends with centimeter to meter-sized objects; just imagine throwing
sand and stones together while sitting at the beach: macroscopic objects do
not stick. Thus we need a new mode of growth to continue to planets.
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The next hypothesized milestones in planet formation are the kilometer-sized
planetesimals. They are the first objects to be bound by gravity. Thus it was
already early on speculated that they should form via a gravitational collaps
of the dust content of the disk (see Fig. 1). We will learn in this chapter that
this process is still not completely understood even there were some recent
major break throughs.

Once there are planetesimals they start interacting via gravity and form larger
and larger objects in successive collisions. In this manner the precursors of the
terrestrial planets come to life and the cores of the gas giants. Most planetesi-
mals were incorporated into the planets, yet one can regard the asteroids and
the comets as the last witnesses of the former planetesimal population.

When the cores of the future giant planets are massive enough they start ac-
creting gas via gravity. They also interact over large distances gravitationally
with the gas of the disk, with the abundant planetesimals and also with the
other planets. All of these interactions lead to exchange of angular momen-
tum and thus to changes in the orbital parameters of the planets: mainly the
semi major axis, but also eccentricity and inclination. Finally the planets will
assume a more or less stable orbit, a precondition for a stable climate over
billions of years, which is a precondition to develop life as in the case of our
earth.

There is an alternative theory of planet formation, which describes planet
formation as being star formation on a smaller scale. Just like stars condensate
out of the gas phase it is hypothesized that a gravitational instability could
lead to the fragmentation of clumps in the circumstellar disk. This theory
has notably problems to explain terrestrial planets and the massive cores of
giant planets yet we include a brief description of the theory for the sake of
completeness. Please see also the discussion of this model in the chapter by
Lodato.

1.1 Disk Instability Model

Boss (1997, 2001) proposed a model in which a cool protoplanetary disk, with
roughly 10% of the mass of the star, fragments as a consequence of its self
gravity and spontaneously forms multiple giant planets within a few orbital
periods. The fundamental problem with this model is that it needs an almost
isothermal gas to allow for the collapse and to keep the Toomre parameter
low. Gammie (2001) shows that the cooling time tcool has to be smaller than
an orbital period torb.

tcool <
3

Ω
≈ 1

2
torb. (1)
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Radiative diffusion within a dust-rich disk as well as in a self-gravitating blob
is too inefficient to allow for such high cooling rates. Also the recently invoked
thermal convection can only slightly increase the efficiency of the cooling;
they show that the maximum fraction of the energy carried vertically outward
through a disk by convection is about 20%. Convection in itself does not result
in energy loss from the disk; it only transports the heat to the surface where
it still has to be radiated away. Even if strong convection would be able to
transport energy in the interior of the disk (Boss 2004) the gas would still have
to radiate at the surface as a black body, at a maximum rate proportional to
T 4, where T is the central temperature in the disk. The cooling time would
then be longer than an orbital period for radii out to 33 AU:

tcool ≈
Σcv

2σ
T−3 =

Σ

103 g cm−2

(

T

50K

)−3

× 190 yrs. (2)

Here we used typical surface densities Σ and temperatures T from the Boss
model (Boss 2001); cv is the specific heat and σ is the Stefan-Boltzmann con-
stant. Note that for even only slightly smaller temperatures the cooling time
increases dramatically. We argue on the basis of this estimate that it is possible
to form brown dwarf companions out of an extended circumstellar disk at large
radii but not planets at the distances of Jupiter or Saturn (see also Rafikov
2005, 2007). Basically one can conclude that the conditions needed for planet
formation by gravitational instability are unlikely to occur in protoplanetetary
disks.

The following sections will discuss the single steps in the core accretion -
gas capture model in a bit more detail, yet for a complete picture of planet
formation we refer to the review by Jack Lissauer (Lissauer, 1993) and the
book ”Planet Formation - Theory, Observations, and Experiments”(Klahr and
Brandner, 2006).

2 Shearing Box Simulations of Turbulent Diffusion in Protoplane-

tary accretion disks

Circumstellar disks are assumed to be turbulent (see also the chapter by
Lodato and by Ferreira) as this is the only way to explain the observed accre-
tion rate in such systems (see Fig. 2). If disks are young, they are assumed to
be massive and cold. In this situation self gravity leads to angular momentum
transport and turbulence (see Lodatos chapter). As the mass of the disk even-
tually decreases, the disk will be too warm and too light for self-gravity. Now
magnetic effects can take over by braking the disk with a background field, or
by generating turbulence (see chapter by Ferreira).
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Fig. 1. Dust coagulates to larger grains, eventually sediments to the midplane of
the disk and forms larger gravitationally bound objects, e.g. planetesimals.

The turbulence is a prerequisite to transport (diffuse) angular momentum ra-
dial outward in not-self-gravitating disks. The local lack in angular momentum
then leads to the accretion of matter towards the star (see Fig. 3).

The magnetorotational instability (Balbus and Hawley, 1998) is known to drive
strong turbulence in accretion disks and can easily be explored in numerical
simulations. One should notice that this instability needs a certain minimum
ionization of the disk either provided by thermal ionization where tempera-
tures are sufficient or elsewhere by energetic radiation penetrating the disk.
This radiation can originate from background sources and from the central
object, e.g. X-rays alike.

Dust grains are a natural enemy of ionized gas as the free electrons get easily
trapped on the dust grain surfaces. It is not sufficient to have ions and charged
dust grains for the magnetorotational instability, as both have a low charge
per mass ratio and there is only weak coupling to the magnetic fields. One
really needs free electrons in an abundance to allow for a magnetic Reynolds
number of about 100 to drive turbulence (Balbus and Terquem, 2001).

As a result it is currently an open question which parts of the disk may be
turbulent by the magnetorotational instability. It is widely accepted that there
is a zone deeply embedded in the disk (Dead Zone; see Fig. 4) which is too
cold and dusty for magnetic effects, yet it is under debate where this zone is
located and what its dynamical behavior is. The chapter by Ferrera deals with
the details of dead and active zones.
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Fig. 2. Mass accretion rate vs. age. Stars in Taurus (open circles) and in Chamaeleon
I (filled circles), the last at a distance of 150 pc. Dashed lines, least-square best fit
assuming that the error in log t is 0.3, while the error in log dM/dt is 0.6. Dotted
lines, least-square best-fit assuming that the error in both log t and log dM/dt are
0.4. The dashed line fits are preferred because the errors in estimating accretion
rates, along with the intrinsic dispersion of accretion at a given age, are likely to
be larger than the differential errors in stellar ages. With kind permission reprinted
from Hartmann etal. 1998

Nevertheless in the following we will ignore this effect for the sake of simplicity.
The potential influence of the Dead Zone on the planet formation process is
still widely speculative, yet interesting results can be expected in the near
future.

3 Particle motion

Particles tend to move differently with respect to gas for one obvious reason:
they do feel most of the forces the gas does, e.g. gravity, Coriolis and centrifugal
accelerations, but neither thermal nor magnetic pressure. On the other hand
they feel friction from the gas if they move with a different velocity (e.g.
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Fig. 3. The observed accretion can only occur if there is angular momentum trans-
port in the disk. A widely accepted explanation for this angular momentum trans-
port is turbulence, see review by Lodato.

Fig. 4. The existence of turbulence depends depends on the presence of instabilities.
The magnetorotational instability for instance requires a certain ionization rate.
Wherever this ionization is too low due to high column density and low temperature
one expects a non-turbulent zone, popularized as Dead Zone.
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Fig. 5. For turbulence simulations in accretion disks one often works in shearing
box coordinates. This means instead of treating a global disk, one focuses on a
small Cartesian box cut out of the disk. The benefit of this local approach is better
resolution and a minimization of boundary effects. However, this approach has also
a few limitations (as discussed by, for example, King et al. 2007) - in particular
that shearing box calculations always result in an alpha value that is an order of
magnitude smaller than observed in real systems.

Fig. 6. Gravity makes dust sediment, yet turbulence lifts it up again. This turbulent
diffusion can then be measured by the scale-height in the dust layer.
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Fig. 7. The first column gives the name of the run and the resolution, the second
and third the strength of the turbulent stresses in its non-magnetic (Reynolds) and
magnetic (Maxwell) stresses. The fourth and fifth column gives the vertical and
radial diffusivity, whereas the last two columns give the resulting vertical and radial
Schmidt numbers. Reprinted from Johansen and Klahr 2006.
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Fig. 8. The α value (strength of turbulence) as a function of the strength of the
imposed vertical field. A stronger background field leads to stronger turbulence.
Reprinted from Johansen et al. 2006.
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Fig. 9. The Schmidt number plotted against the α value and the best power-law fit
(dotted lines). The best fit has Scx = 4.6α0.26 and Scz = 25.3α0.46. Reprinted from
Johansen et al. 2006.

velocity vector ~vd) than the gas (e.g. ~vg) which is given via:

~ffriction = − ~vd − ~vg

τf
. (3)

Small particles couple quickly to the surrounding gas motion, e.g. they have
a short coupling (or stopping) time τf and as a result the frictional term is
strong. Larger particles take longer to lose their momentum with respect to
the gas (longer τf ), because their frictional acceleration is smaller. Based on
this concept one estimates the terminal velocity a particle will approach as
a function of its friction time τf . One can easily understand that particles
closely coupled to the gas move up any pressure gradient: Any particle motion
vd with respect to the gas velocity vg can only occur if there is a mismatch
in the forces acting on the two components. For small particles most forces
are identical to the forces acting on gas, e.g. gravity, centrifugal and Coriolis
forces. The only difference is in the pressure p (thermal and magnetic) which
is only felt by the gas. Subtracting the equations of motion for dust and gas
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Fig. 10. The general radial pressure gradient lets the disk rotate slower than the
Keplerian value. Yet when dust sediments to the midplane and concentrates there to
higher densities than the gas density, then the dust starts dominating the dynamics
and forces the gas on a Keplerian value. As a result there is shear induced in the
vertical direction. This shear becomes unstable to the Kelvin Helmholtz instability,
which starts stirring up the dust eventually preventing gravitational collapse of the
dust sub-layer.

under the influence of forces

∂t ~vg =−1

ρ
~∇p + ~forces (4)

∂t ~vd =− ~vd − ~vg

τf

+ ~forces, (5)

and assuming the velocities to change slower than the coupling time τf one
can get to the simple equation

~vd = ~vg + τf
1

ρ
~∇p. (6)

As a result the dust moves up any pressure gradient, be it the global gradient
towards the central star or the midplane of the disk. Local pressure fluctuations
like vortices and pressure bumps can concentrate dust via this mechanism.

4 Diffusion

The turbulence in the active zones not only diffuses angular momentum but
also dust grains and molecules. This diffusion can be measured in local simula-
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tions of magnetorotational turbulence (see Fig. 5 and 6). For this measurement
one can you as an artificial force field acting on the particles, which will try to
concentrate particles locally. Diffusion tries now to move particles away from
the concentration and eventually an equililibrium between forced drift or sed-
imentation is reached with the diffusion. If one uses for instance an artificial
sinusoidal force field

gz = −g0sin(kzz), (7)

it will concentrate the dust around the z = 0 midplane. Putting this term in
the equation for vertical particle transport together with the diffusion term
one can derive a condition when the sedimenting flux and the diffusion flux jd

cancel each other. The sedimentation flux is given by:

js = vzndust = −g0sin(kzz)τfndust, (8)

with ndust being the dust number density and τf the coupling time between
dust and gas, e.g. the time a force free particle would need to stop with respect
to the gas. And the diffusion flux jd is given by:

jD = −Dz∇ndust, (9)

Both fluxes shall cancel each other.

−g0sin(kzz)τfndust = −Dz∇ndust. (10)

The analytic solution is now simply:

ln n(z) = ln n(0) +
τfg0

kzDz
cos(kzz), (11)

which is a cosine in the logarithmic particle density. The amplitude of this
cosine can now directly translated in the diffusivity D of the system.

It is interesting to notice that this diffusion is ”an-isotropic”, e.g. radial diffu-
sion (with diffusivity Dr) is stronger than the vertical diffusion (with diffusivity
Dz) , which can be expressed as Schmidt numbers Sc.

Sc r =
ν

Dr

Sc z =
ν

Dz

(12)

Schmidt numbers are the ratio between viscosity (ν) and diffusivity (see Fig.
7).
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Besides the ionization degree it is the ambient background magnetic field that
determines the strength of the turbulence (see Fig. 8). While this is true in
simulations, it should be noted that the existence of such background fields
is far from certain in real discs, and that it is not clear which of the (im-
posed) field geometries used in simulations is in fact the most relevant to real
systems (e.g., King et al. 2007). Both viscosity and diffusivity increase with
the strength of a magnetic field threading the disk (Hawley et al. 1995), yet
diffusivity responds weaker to the stronger turbulence than does viscosity (Jo-
hansen, Klahr and Mee 2006). As a result the Schmidt number decreases with
an increase of the turbulence strength (see Fig. 9). It is now very unfortunate
that we have no measurements of the magnetic field threading protoplanetary
disks.

It should be noted that also in the case of no ionization, and thus not magne-
tohydrodynamic instability, there will be some turbulence in the disk. If the
dust sediments towards the midplane in a laminar (e.g. non-turbulent) disk
it generates vertical shear and Kelvin Helmholtz turbulence (see Fig. 10 and
11).

This phenomenon can also be observed in the earth atmosphere whenever
there is vertical shear in the wind speed. The Kelvin Helmholtz modes show
as periodic ”ripples” in the cloud pattern. 1 This kind of turbulence is too
weak to explain the observed accretion rates, yet is strong enough to pre-
vent sedimentation of dust and thus the occurrence of the Goldreich-Ward
instability (see below).

If one is studying the diffusion properties of magnetohydrodynamical turbu-
lence (Johansen and Klahr, 2005) (see Fig. 6) one can notice certain fluctua-
tions in the local dust to gas ratio. In particular we simulated sedimentation
of small grains up to 1cm in size in the effective gravitational potential of the
disk-star system 2 (see also Fig. 21). The measured fluctuations in the rela-
tive density were on the order of 20% for centimeter-sized objects but a lot
smaller for submicron sized dust. These density fluctuations result from the
turbulence as well. In the following we will discuss a few different mechanisms
to trap and segregate particles.

1 Check out: http://en.wikipedia.org/wiki/KelvinHelmholtz instability for nice im-
ages.
2 Unhindered sedimentation would lead to very high particle densities in the mid-
plane, e.g. a dust layer so thin that the mechanism proposed by Goldreich and
Ward (1973) would lead to gravitational fragmentation and planetesimal forma-
tion. Nevertheless, turbulent diffusion transports material away from the midplane,
explaining why self-gravity of the dust component and gas turbulence in the disk
seem to be mutually exclusive.
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Fig. 11. The onset of the Kelvin-Helmholtz instability for cm-sized pebbles with
Ω0τf = 0.02. The initial Gaussian particle distribution falls towards the mid-plane of
the disk on the characteristic time-scale of tgrav = 1/(Ω2

0τf) ≈ 50Ω−1
0 . The increased

vertical shear in the gas rotation velocity eventually makes the disk unstable to the
KHI, forming waves that finally break as the turbulence goes into its non-linear
state.

The disk temperature and density decrease with the distance from the central
object and thus there is a global pressure gradient in the disk pointing radially
outward. This radial pressure gradient supports the disk against gravity from
the central object and the centrifugal force is reduced to a sub-Keplerian
rotation rate by a few permille.

Even this small sub-Keplerian rotation can lead to a dramatic ”rain out” of
a certain size particles radially into the central star because they will move
up the pressure gradient. The critical size is reached when the particle growth
time via sweeping up smaller dust grains becomes larger than the radial drift
time (See Fig. 12).

In the case of no external forces the effect of turbulent concentration would
be simple: Centrifugal forces would expel particles from turbulent eddies and
concentrate them in convergence zones between the vortices (See Fig. 13). In
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Fig. 12. Comparison between drift time (solid line) and growth time (dotted line)
for solids as a function of size. The values are calculated using the equations from
this paper for a location of 7.5 AU in a minimum mass solar nebula. Taken from
Klahr and Bodenheimer 2006

the accretion disk this can only be the case on the very shortest length scales of
turbulence, e.g. a few hundred to a few thousand meters. All the larger scales
are rotating so slow, that the motions get influenced by the global rotation of
the disk.

Just as in the case of earth turbulence there is a strong influence of the Coriolis
forces for a large flow structure as in the case of high and low pressure regions
determining our weather pattern on earth, yet there is negligible influence on
fast and small scales, like the turbulence in our bath tub. The myth about
water running out of the bath tub forming a left rotating eddy on the Northern
hemisphere and a right rotating eddy on the southern is thus a pure legend
as can be shown by simple estimates on the strength of the Coriolis forces
on those scales. One actually needs high precision measurements under lab
conditions to see the effect, conditions which are never fulfilled in our kitchen
sink experiment.

The vertical gravity gradient in the disk is another source of trapping particles
in turbulence. This was the first time discovered for thermal convection in
disks but should apply in any 3D turbulent pattern of an accretion disk as
long as the vortex frequency is lower than the local Keplerian frequency (see
Fig. 14). Also here particles try to sediment to the mid-plane, the location
of highest pressure. Yet the gravity decreases with getting closer to the mid-
plane, in fact for small z(e.g. z smaller than a few pressure scale heights) the
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Fig. 13. Under laboratory-observed conditions particles (a) spiral out of the vortices
(eddy), but (b) collect in convergence zones (strain fields). Taken from Klahr and
Henning 1997.

vertical gravitational acceleration gz can be written as a function of the orbital
frequency of the disk Ω and the height above the midplane z:

gz = −Ω2z. (13)

This is an harmonic oscillator. If there is now a vertical turbulent vortex, then
dust gets trapped in it due to the combination of rotation and differential
settling (see Fig. 15).

A much simpler mechanism to trap particles and stop them drifting into the
central object is a radial pressure bump as it may occur in disks as laminar
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Fig. 14. (a) Mass flux in the convective region of a protoplanetary accretion disk.
This is the result of a 2D radiation hydrodynamical simulation. (b) The homoge-
neous initial distribution of 0.1-cm grains. (c) The traces of a part of the grains
during 160 years. (d) The position of the grains after 160 years. Taken from Klahr
and Henning 1997.

features or as turbulent fluctuations (see Fig. 16).

Vortices in the mid-plane of the disk are another source of particle segregation
(Barge and Sommeria, 1995). These again can either be long-lived vortices like
the weather pattern on earth, e.g. the anti-cyclonic high pressure regions or
short-lived fluctuation in the velocity pattern of the turbulence. Yet the effect
was first pointed out for long lived anti-cyclonic vortices, where Coriolis forces
concentrate large particles and the pressure maximum concentrates smaller
dust (see Fig. 17).

Coming back to the first 3D simulations of particle trapping in magnetohydro-
dynamical turbulence (Johansen and Klahr, 2005) (see Fig. 6) we identified
the vortex trapping mechanism ala Barge and Sommeria and pressure max-
ima trapping as the important effects (see Fig. 18). In order to understand
the coupling mechanism and the physical effect that drives the fluctuations we
plotted the density fluctuations as a function of the local vorticity and found
a strong anti-correlation (see 18). This behavior, e.g. concentration of dust in
anti-cyclonic vortices, was already discovered by Barge and Sommeria (1995)
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Fig. 15. The mechanism of particle concentration can be understood by considering
the acting forces. Four particle positions are displayed. The dashed arrows indicate
the local gas velocity. The solid arrows stand for the gas-particle relative velocities
which are induced by the sum of gravitational and centrifugal forces (i.e., the accel-
eration (Fg + Fc)/mdust The capability of the eddy for collecting particles depends
times the friction time). Thus, the solid arrows indicate the actual particle move-
ment. On location 1, where the particle has the largest height above the midplane,
the gravitation dominates over the centrifugal force and the particle lifting gas drag.
Here, the particle moves closer toward the equilibrium point (indicated by a dashed
cross). At point 2 as well as at point 4, the centrifugal force causes the particle to
drift away from this equilibrium point, while gravitation and gas drag point in a
tangential direction, not contributing to a radial motion. Finally location number 3
is the closest to the midplane and the gravitational force the smallest. At points 1
and 3 the particle is spiraling inward, while at points 2 and 4 it is spiraling outward.
As long as the centrifugal effects are smaller than the effects caused by the gradient
in the gravitational acceleration, the particle undergoes a net motion toward its
equilibrium point. Taken from Klahr and Henning 1997

for static large scale vortices. We now found that this effect is also dominant
if the vortices are of limited life time as they are generally generated and de-
stroyed in turbulence as it is in the case for the magnetorotational instability
studied here.
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Fig. 16. Dust capture at a small radial pressure maximum. Evolution of the 600
µm size particle surface density distribution for a model of a gas poor circumstellar
disk. The solid line gives the initial distribution. The following lines are snapshots
every 400 yr. Reprinted from Klahr and Lin 2000.

If the particle concentration occurs in a long lived vortex, huge amounts of
solid material can be accumulated which would certainly boost any kind of
planet formation process (Klahr and Bodenheimer, 2006). On the other hand if
the vortices are only short-lived fluctuations of the general turbulence pattern,
then there is also a measurable effect in the fluctuations of the particle denisity
(see Fig. 19). As now the particles get trapped once in a while in a vortex they
can not drift unhindered into the central object, which shows as a significant
reduction of the mean drift rate (see Fig. 20).
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Fig. 17. Trajectories of the particles in a gaseous vortex sketched by the separatrix
(dashed line) between open and closed streamlines. The particles penetrate into the
vortex and spiral inward toward its center; they tend to reach purely epicyclical
motion with a transient behavior strongly dependent on the friction parameter:
light particles (τfΩ = 0.05 in case (a)) remain near the edge of the vortex, whereas
heavy ones (τfΩ = 3.0 in case (b)) first sink deeply into the inner regions. It must
be noted that, for clarity of the figure, the coordinates have been expanded by a
factor of two. With kind permission reprinted from Barge and Sommeria 1995. The
center of an anticyclonic vortex is also a pressure maximum explaining the particle
trapping in an alternative way.

5 Planetesimals and the ”meter-barrier”

Planetesimals are several-kilometer-sized objects in the solar nebula, which are
believed to be the building bricks for planets. Whereas there is no observational
evidence for their existence in circumstellar disks, it is generally accepted that
asteroids and comets are the last survivors from this class of objects. The
behavior of planetesimals is quite distinct from the behavior of smaller, e.g.
meter-sized objects. The meter-sized boulders feel a head wind as they need
to move on a Keplerian orbit to balance the stellar gravity by centrifugal
acceleration, whereas the disk is supported by its radial pressure gradient
and rotates at a sub-Keplerian rate. As a result the boulders drift radially
inwards towards the star. In general any solids will always move up the local
pressure gradient. The drift rates can be dramatic, as for meter-sized objects
the typical drift time becomes smaller than the growth time due to sweep up
of smaller dust and debris (see Fig. 12). This way they get lost into the star
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Fig. 18. Plot of dust-to-gas ratio in bins of the local vortex parameter
Ψ ≡ [−(u · ∇)u] · f(u) for the turbulent flow. Anticyclonic vortices have a nega-
tive value of Ψ , whereas for cyclonic vortices Ψ is positive. For the intermediate
friction time run (see right panel:1cm sized particles with Ωτf ≈ 10−2), there is
a clear anticorrelation between vortex parameter and dust-to-gas ratio. This is an
indication that dust is being trapped in anticyclonic vortices which are features of
the turbulent accretion disk flow. Particles in the left panel are too small to get
concentrated (size is 0.1 µm). Taken from Johansen & Klahr 2005.
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Fig. 19. The maximum number of particles in a single grid cell as a function of
time for a run with meter-sized boulders, e.g. a Stokes number Ωτf of about unity.
The maximum density is generally around 20 times the average, but peaks at above
80 times the average particle density. The insert shows a magnification of the time
between 50 and 51 orbits. Taken from Johansen, Klahr & Henning 2006.

and it is difficult to produce a population of boulders above this meter-size
regime 3 . So the first defining property of planetesimals is that they move

3 It is convenient to use the term meter-barrier, because for a distance of 5AU from
the central object in a typical solar nebula the fastest drifting objects are of this
dimension. Yet as the drift velocity depends on the gas density, temperature and
local orbital period the fastest drifting objects will be smaller at greater distance
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Fig. 20. The pressure fluctuations make the dust drift slower than in the laminar
case. This can be understood as variations in the radial drift due to the variations
in the radial pressure gradient. The average drift speed is smaller than the mean
drift velocity as it is averaged over space and not time.

on Keplerian orbits and do not drift radially due to gas drag. The second
property is that they can accrete and accumulate smaller objects by gravity,
e.g. the gravitational pull at the surface of a planetesimal is stronger than the
force exerted by the head wind. While we have a good understanding of how
meter-sized objects grow from smaller dust grains via collisions and sticking,
e.g. coagulation, and how planetesimals continue to form larger objects up
to planetary cores, it is still a mystery how planetesimals form from meter-
sized boulders. Boulders do not stick at collisions and even shatter at typical
collision speeds. Finally they get lost into the central object by radial drift in
a kind of rain-out event (Weidenschilling, 1980, 1984, 1995).

As gravity is the binding force for planetesimals it seems logical to invoke a
formation scenario around a gravitational collapse of the dust phase in the
solar nebula(Goldreich and Ward, 1973).

In the following sections we give an overview of recent numerical work the
possibility of gravitational collapse of clouds formed by boulders (Johansen
et al., 2006) and conclude with full 3D simulations of turbulence with particle
feedback on the gas flow and self-gravitating boulders (Johansen et al., 2007).

from the star and larger in closer proximity to it.
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Fig. 21. Dust density contours at the sides of the simulation box for a short friction
time run, i.e. Ωτf = 2 × 10−6, of sedimentation towards the midplane of the disk.
The radial direction is towards the right while the shearing direction is towards
left. The dust is concentrated around the mid-plane due to a vertical gravity field
acting only on the dust, e.g. the gas does not feel the gravity and is thus not
stratified. This setup is artificial but gives us the possibility to study the ideal case
of unstratified turbulence before we introduce more realistic yet more complicated
models. Turbulent transport alone prevents the further vertical settling of the dust
layer. This configuration is statistically unchanged for at least one hundred orbits.
Density fluctuations are an effect of the turbulence. Taken from Johansen & Klahr
2005.

6 Gravoturbulent Formation of Planetesimals

The previously mentioned investigations on particle concentrations in the
short friction time regime (see Fig. 18) had to stop for technical reasons at
centimeter-sized particles. Thus, the maximum density enhancements were
only on the order of 20 %, yet strongly increasing with particle size. In a fol-
low up study (Johansen et al., 2006) we focused on meter-sized objects, e.g.
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Fig. 22. Particle number density n in units of average density n0, velocity dispersion
σ in units of sound speed cs, free-fall time tff relative to the clump life-time tcl, and
clump radius R together with Jeans radius RJ, all as a function of the number of
included particles around the densest grid point in the box at a time of 50.9 orbits
of the particular run. The vertical dot-dot-dot-dashed line separates the region of
gravitational instability from the stable region as it gives the number of particles,
at which the size of the clump is as big as a Jeans radius (see the lower right frame)
for the choice of disc model parameters. Taken from Johansen, Klahr & Henning
2006.

boulders for which the friction time, respectively coupling time, is on the order
of one orbital period. This means that we have a kind of resonance effect in
the interaction between turbulence and particles, which leads to much higher
dust to gas ratios (see 19), up to values of 80. These concentration live for
a few orbital periods of the disk, before they decay again and are regener-
ated at some other location in the simulation. The densities turned out to
be high enough that the gravitational attraction between them comes into
play. Simple estimations of Jeans mass and collapse time indicate that bound
objects are likely to form (see 22). In other words, the heaps of boulders do
fit into the Roche-Lobe they generate, protecting them from the tidal torques
by the star. At the same time the low yet sufficient braking by the gas drag
decreases the kinetic energy in the cloud of boulders, i.e. leads to an efficient
”cooling”(decreasing the rms velocity) and thus inevitably to a bound/solid
object.
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Fig. 23. The collapse of over-dense seeds into gravitationally bound boulder clus-
ters: The two panels show the combined column density of the four different sizes
of boulders at two different times. Over-dense bands initially contract radially,
forming thin filaments with densities high enough for a full non-axisymmetric col-
lapse into gravitationally bound clumps to take place. As time progresses, the
Hill sphere increases in radius as the clusters grow in mass by accreting boulders
from the turbulent flow (see http://www.mpia.de/homes/johansen/research en.php
for an animation of this simulation). The visualization was done with Partiview
(http://haydenplanetarium.org/universe/partiview/).

7 The All in One Simulation

Inspired by the results from our previous work we developed our code further
to incorporate particle feedback onto the gas, so the gas feels the friction with
the particles, and gravitational attraction between the particles.

We also switched to a particle size distribution, where we postulate that con-
servatively 50% of dusty material is distributed in size between roughly 15 and
60 centimeters. The particle feedback had shown to lead to further enhance-
ment of particle pileups via a streaming instability (Johansen and Youdin,
2007). These simulations found striking evidence for the formation of already
minor planet-sized objects, e.g. about 1000 km in size (see 23 and 25 ) di-
rectly from the population of boulders. These results are discussed in detail
in Johansen et al. (2007) to which we refer for further reading. The size of the
formed objects decreases with resolution while the number of collapsing ob-
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Fig. 24. The complete set of equations to be solved in the Pencil code for the all in
one simulation. Note the two sets of equations for gas and particles as well as the
coupling (friction) terms in the boxes.

jects increases (see 25). This is easy to understand because the resolved Jeans
masses become smaller and smaller as the local densities increase. Conver-
gence will be difficult to be achieved numerically, yet eventually the physical
effects of rms speed of the boulder cloud will determine the smallest possible
Jeans mass. Thus a final answer on the initial mass function for planetesimals
must be postponed until refined adaptive mesh simulations or sophisticated
sub-grid modeling become feasible. Interestingly our analytical considerations
on the planetesimal size is in agreement with the estimations by Goldreich
and Ward (1973). Nevertheless, we have to stress that the two models pro-
duce planetesimals of similar size, they do so through qualitatively different
mechanisms (turbulent ”trapping” versus pure gravitational instability).

The mechanism proposed here is quite promising to explain a rapid and effi-
cient formation of planetesimals without increasing the dust content of a disk
to many times the nominal value. Open questions remain in the determina-
tion of the initial mass function for planetesimals. This function will depend
on the ”cooling” properties of the gravitationally bound boulder clusters, e.g.
the removal of dynamic pressure generated by the rms velocity of the boul-
ders. The ”cooling” behavior is early on provided by friction with the gas but
will eventually be dominated by inelastic boulder-boulder collisions. A proper
understanding of these collisions and especially collisional fragmentation will
be vital for further progress with respect to planetesimal formation.

Collisional fragmentation is a general problem for meter-sized objects, not only
in the collapse phase but even before that. So the next step in research must
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Fig. 25. Mass accretion onto a gravitationally bound cluster at three different nu-
merical resolutions. The plots show the maximum bulk density of solids as a function
of time, normalized by the average gas density. Drag force and vertical gravity are
turned on at t = −10, while self-gravity and collisional cooling are turned on at
t = 0. The density increases monotonically after the onset of self-gravity because
gravitationally bound clusters of boulders form in the mid-plane. After only seven
orbits peak densities in these clusters approach 104ρg or a million times the average
boulder density in the disc. The colored bars show the mass contained within the
most massive Hill sphere in the box, in units of the mass of the 970 km radius
dwarf planet Ceres (MCeres = 9.5× 1023 g). The most massive cluster in the highest
resolution case accretes about 0.5MCeres per orbit (the entire box contains a total
boulder mass of 50MCeres). The cluster consists of approximately equal fractions
of the three larger boulder sizes. The smallest size, with ΩKτf = 0.25, is initially
underrepresented with a fraction of only 15% because of the stronger aerodynamic
coupling of those particles to the gas, but the fraction of small particles increases
with time as the cluster grows massive enough to attract smaller particles as well.
The mean free path inside the bound clusters is shorter than the size of the clus-
ter, so any fragments formed in catastrophic collisions between the boulders will be
swept up by the remaining boulders before being able to escape the cluster.

be an understanding of how dust grows to meter-sized boulders in a turbulent
disk, using 3D-simulations that do not oversimplify the relevant physics. Only
if we have the proper initial conditions of the boulder size distribution and in
addition know the proper turbulent state of protoplanetary disks, will it be
possible to put a solution to the planetesimal formation problem.

8 The core accretion - gas capture model

Once there is a sufficient population of planetesimals, e.g. the majority of
dust was converted into more than kilometer sized objects, a period of oli-
garchic growth starts (Thommes et al., 2006). In this period the motion of the
planetesimals is decoupled from the gas and strictly determined by the gravita-
tional N-body interactions between the planetesimals. As a result of the grav-
itational interaction during close approaches the planetesimals increase their
effective cross section for collisions (gravitational focusing: Safronov (1969)).

26



Collisions occur more frequently when the cross section, e.g. the particle size is
larger. If particles attract each other during a close encounter, this attraction
will increase the likelihood for a collision, which can be expressed as a larger
cross section (with radius b) than given the actual particle size rmin. Lets as-
sume a two particles have the specific angular momentum L = bv0 with respect
to each other. At the closest approach the radial velocity component is zero.
Then the angular momentum is

L = rminvmax. (14)

During the encounter energy is conserved

1

4
mv2

o =
1

4
mv2

max −
Gm2

rmin

. (15)

Angular momentum is also conserved

vmax =
b

rmin

vo, (16)

thus encounters with the impact parameter b > rmin will also lead to a collision,
because the closest approach will be at rmin.

b2 = r2
min +

4Gmrmin

v2
0

= r2
min

(

1 +
4Gm

rminv
2
0

)

. (17)

We see that the effective cross-section is effectively increased via gravitational
focusing by the factor Fg = 1 + 4Gm

rminv2

0

. One notices that this factor is the

largest for massive particles and small relative velocities. This factor can also

be written in terms of the ration of the escape velocity ve =
√

4Gm
rmin

, e.g.

Fg = 1 +
(

ve

v0

)2
. The quantity θ =

(

ve

v0

)2
/2 is known as the Safronov factor, a

measure by how much the cross section is increased via gravity.

During the collisions larger and larger bodies form. The growth rates of planets
can be estimated as follows: When we are letting two planetesimals collide with
the sizes R1 and R2 then the cross section is is proportional to Rs = R1 + R2.
The growth rate is proportional to the density of the planetesimal cloud ρp

and the relative velocity v times the effective cross section:

dmp

dt
= ρpvπR2

s

(

1 +
(

ve

v0

)2
)

. (18)
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The density in planetesimals can be derived from the surface density of plan-
etesimals Σ and the velocity dispersion v

ρp ≈
√

3

2

ΣΩ

v
. (19)

The
√

3 term results from the 3D nature of the velocity dispersion. Combining
this with the equation for the growth rates we have:

dmp

dt
= ΣΩπR2

sFg. (20)

We learn from this equation that planets grow faster closer to the star, because
Ω and Σ are larger there and that it is also easier beyond the snow line (see
chapter by Alexander). Treating the growth rates more precisely one finds two
distinct growth modes: 1.) All planetesimals are at a similar size and grow at
the same speed. 2.) One object emerges from the population and eats up the
rest (oligarchic growth) As a result not all objects grow equally in this process,
but there are a few objects emerging from the planetesimal population (thus
oligarchic growth) to become the future terrestrial planets and cores of the
giant planets. This growth is the fastest closer to the star, as the densities and
relative velocities are larger there than further away from the star. Eventually
the planetary embryos are clearing out a gap around them in the planetesimal
formation due to exchange of torques between the dominating body and the
swarm of smaller guys. One can compare this to the shepherding moons in the
rings of Saturn. Thus they have a critical mass (isolation mass) up to which
they can grow, a mass which increases with the distance from the central
object (see Fig. 26). This isolation mass can be estimated as follows. If the
planet eats all the material in his feeding zone, e.g. the projection of the Hill

sphere (with radius Rh =
(

mp

3M⋆

)
1

3 ) onto the planet’s orbit (with radius r),
then growth stops.

misolation ≈ 4πr2Σ
(

mp

3M⋆

)
1

3

. (21)

Setting the planet mass mp to the isolation mass yields

misolation ≈ (4πr2Σ)
3

2

(3M⋆)
1

2

. (22)

Plugging in numbers for the solar nebula leads to

misolation ≈ 0.07
(

a

1AU

)3
(

Σ

10gcm−2

)3/2

M⊕. (23)
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At around Jupiters position conditions are conveniently optimal for its forma-
tion. Further out it takes longer than a typical life time of the disk of about
10 Million years and further in the isolation mass is too low to allow for gas
accretion.

Here one can see that the terrestrial planets form faster than the cores of the
giants, yet they stop at low masses, lower than observed today. The point is
that there will be many planetary embryos to be formed in the inner part of
the disk, which will then collide in the following hundreds of millions of years
to form the final terrestrial planets. One of these collisions between proto-
Earth and a Mars-size object lead most likely to the formation of our Moon
from the collisional debris.

Jupiter and Saturn reached a critical mass of a few earth masses (see Fig. 27)
while there was still gas around. Once the critical mass is reached there is
slow accretion of gas, limited by the ability of the new planet to get rid of the
accretion energy (both from gas and planetesimals) via radiation. Once the
planet contains more gas than solids the cooling is more efficient and runaway
accretion of gas occurs. This will only be stopped if their is no more gas in the
vicinity of the planet, for instance by the gap clearing mechanism discussed
later in this chapter. Although the physical processes are similar, the earlier
discussion referred to gap-clearing in a planetesimal disk, while this discussion
now refers to the qualitatively different process of gap-clearing in a (viscous)
gaseous disc, and this distinction should be noted.

Neptune and Pluto on the other hand formed so slowly that there was almost
no more gas to accrete at the time they had formed from the planetesimals.
Thus their low content of gas.

This mechanism explains nicely why there are terrestrial planets close to star,
followed by gas giants and lastly the gas-poor ice giants.

This picture was sufficient until the discovery of hot Jupiters in 1995. Those
cannot be explained in this standard scenario. Either there was a very unusual
centrally strongly concentrated planetesimal distribution, or the planet has
formed further out and migrated inward, see below.

9 Planet disk interaction

It was speculated by some ingenious theoreticians that planets might migrate
when they interact with a disk (Goldreich and Ward, 1980). Yet there was no
need for migration to explain our own solar system. The situation changed
after the discovery of the first exoplanets, which were gas giants and orbited

29



1 10 100
0.001

0.01

0.1

1

10

100

1 10 100
0.001

0.01

0.1

1

10

100

1 10 100
0.001

0.01

0.1

1

10

100

1 10 100
0.001

0.01

0.1

1

10

100

r (AU)

Fig. 26. The mass of the locally largest protoplanet as a function of stellocentric
radius and time. The simple version of the oligarchic growth model, without the
effect of planetesimal orbital decay by gas drag, is used to compute the curves;
it gives a qualitatively correct picture of oligarchic growth but overestimates the
final mass. The central star has a mass of 1M⊙, protoplanets and planetesimals
have densities of 1.5 g cm−2, planetesimals have a radius of 10 km, and an orbital
spacing of b = 10rH between adjacent protoplanets is assumed. Gas and solids
surface densities are scaled relative to the minimum-mass Solar nebula model. The
calculation is performed for i) 1×Σmin

gas and 1×Σmin
solid (solid curve); ii) 5×Σmin

gas and

5 × Σmin
solid (dotted curve); and iii) 10 × Σmin

gas and 10 × Σmin
solid (dashed curve). With

kind permission by Ed Thommes.

their central object closer that does Mercury. Still it might be possible to
explain such systems by in situ formation for extremely massive centrally
condensed disks, nevertheless such configurations are generally regarded as
unrealistic.

The alternative is that the planets formed further out and then migrated
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Fig. 27. Cumulative masses (gas and solids) as a function of time for the formation
of Jupiter. The vertical lines separate the three growth phases: I: core accretion;
II: gas and planetesimal accretion; III: gas runaway accretion. Reprinted with kind
permission from Pollack et al. 1996.

inward. There are at least three different types of migration depending on
what the mass of the planet is in comparison to the central object and to the
disk mass. There is also the possibility that the migration is dominated by
the interaction with the planetesimal disk rather than the gas disk. Finally
planet-planet interaction will also influence the migration. This shows that the
theory of planet migration was growing a lot over the last years, still there is no
consistent unified theory yet. The problem is, that if the planets are migrating
according to the standard models, then migration is too efficient in comparison
to accretion of gas, thus the planets are likely to splash into the star before
they become a gas giant. Also there is more than one theory to reason about
stopping migration at close in radii. And the abundance of theories on the
stopping mechanism (magnetic fields, disk truncation, resonances with another
planets, etc. ) shows that the situation is anything but understood. For a recent
review on migration we refer to Papaloizou et al. (2007).

Here we want to give a simple description on the general mechanism of mi-
gration, which holds for all types of migration. Everything is dominated by
tides. Lets refer to a system you might know: the moon is orbiting the earth.
It deforms the earth from a sphere into an ellipsoid with one bulge pointing
to the moon and the second one away from the moon. Yet this ideal situation
would only be true if the earth would be rotating at the same rate as the
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moon orbits the earth, e.g. always the same side of the earth faces the moon.
As the earth is now rotating faster, e.g. one orbit per day and not per month,
the bulges are propagating around the earth. We all know that from the tides
twice per day at the beach. If the earth would have zero viscosity, the bulges
would always be in phase with the moon, yet the earth interior is quite viscous
and thus does not like to be deformed. For this reason the bulges are slightly
advanced in the direction of the rotation of the earth and always a little before
the moon. As a result the moon does see an asymmetric gravitational field, not
a point source but a dipole field. The bulge facing the moon pulls on the moon
stronger than the bulge on the far side, simply because the first one is closer.
This first bulge pulls now not precisely orthogonal to the orbit of the moons,
but a little bit along the orbit, transferring rotational energy from the earth
onto the moon! As a result the earth rotates slower and slower. Originally the
year had many more days than today for which there is fossil evidence. On
the other hand the moon gains angular momentum and increases its distance
towards the earth. Originally it was probably three times closer! Imagine what
a sight that must have been in those days, with 10 times more light at full
moon.

Planet disk interaction is now basically the same. The planet distorts the inner
disk in a way (leading spirals) that it gains angular momentum and distorts the
outer disk (trailing spirals) that it looses angular momentum (see the spirals in
fig. 30). As the torques from the outer disk usually slightly dominate, planets
are most of the time migrating inward.

To be more precise one can distinguish between three different modes of mi-
gration dependent on the mass of the planet and the surface density of the
disk.

9.1 Type I migration

A planet imbedded in a disk exerts torques on the surrounding gas as it
rotates around the star. This leads to certain resonances in the gas orbiting
at radii further in as well as further out. These resonances are tidal waves,
which are called Lindblad resonances. These resonances are now not rotational
symmetric and thus can exert a torque on the planet themselves. The inner
Lindblad resonances transfer angular momentum to the planet, where as the
outer Lindblad resonances remove angular momentum from the planet. In
general the outer Lindblad resonances prevail (Ward 1986) and the planet
looses net angular momentum and migrates radially inward. The timescale of
this type of migration depends on the planets mass. The migration rate can
be as short as a few thousand years, which is, compared to the lifetime of the
accretion disk and the growth time of planets, extremely short, rendering Type
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I migration as quite an obstacle for planet formation. Future theories will have
to explain a slowing down of this migration type via thermodynamical effects,
magnetic fields, a dead zone etc. in order to leave time for the formation of
the observed planets.

9.2 Type II migration

Larger planets start to open a gap around their orbit, which is in the order of
the Hill spere in size. Now the perturbation onto the disk is so strong that one
cannot treat the system by the linear Lindblad resonances any more. In this
non-linear regime the planet migrates at the speed the accretion disk evolves,
e.g. the planet migrates on the viscous time scale (see chapter by Lodato) in
the order of 105 orbital periods. One can regard this as the disk pushing the
planet along with the accretion flow while catching it in the center of the gap.
When the outer wall gets closer, the planet migrates faster, when it moves to
close to the inner wall of the gap it migrates slower, as it gains more angular
momentum.

9.3 Type III migration

For intermediate planets in a mass rich disk a third mode could be possible,
which is characterized by material in the horseshoe orbit region, see Fig. 28.
The torque exerted by this material can be very strong as the material can
get very close to the planet. If now predominantly mass flows from the inner
disk via the gap to the outer disk, as it must if the planet is migrating inward,
then this material has to use part of the horseshoe orbit behind the planet.
This removes further angular momentum, increases the radial drift rate, which
again lets more mass flow outward. This feedback leads to extremely fast
migration. On the other hand if there is mass flow from the outer to the inner
disk, then this flow occurs in front of the planet and angular momentum is
transfered to the planet. This will lead here to outward migration with an
increasing speed, because now also more material flows inward.

Most of the migration simulations were for artificially isothermal disks to keep
the involved physics simple. In Klahr and Kley (2006) one can find a study
on the evolution of an embedded protoplanet in a circumstellar disk using
the 3D-radiation hydro code TraMP, and treat the thermodynamics of the
gas properly in three dimensions (see Fig. 29). These simulations are now the
basis to study the observability of planet-disk interaction (see Fig. 30) for
upcoming instruments in the near as well as far-infrared.

Once we have such observations we will be able to test our theories on planet

33



Fig. 28. Streamlines in the (ϕ, r) plane at an m = 2 corotation resonance. The
grey shaded regions show the libration islands. One can notice that the outer and
inner disk streamlines (in the white regions) are circulating, and exhibit radial
oscillations with an amplitude that decreases with the distance to the corotation
radius (r = 1). At the same time they do not show any winding, i.e. all these
streamlines reach their maximum distance to the corotation radius at a constant
azimuth ϕ = 0, 2π/m, . . . This behavior corresponds to the evanescent pressure
supported waves in the corotation region, which have a purely imaginary radial
wavevector (no winding and an exponential decay on the disk pressure scalelength).
Reprinted with kind permission of Frederic Masset

formation. Until then we the theorists are urged to make testable predictions,
such that we will not again be surprised by future detections such as now more
than 10 years ago the Hot Jupiters. Predictions are also done as population
synthesis models, which do now predictions for the Corot mission and the
upcoming Kepler mission to detect planets down to a few earth radii (Alibert,
2005; Ida and Lin, 2005).

This manuscript is thought as a pedagogic text, thus it is not a review on the
matter of planet formation. We therefore apologize that we do not mention
many important contributors to the field and are pretty biased in our citations.
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Fig. 29. Gap opening by planet: Temperature in the r - θ plane of the protoplanetary
disk at the azimuthal location of the planet after 141 orbits. Brightness is logarithmic
temperature (lighter = warmer) between 30 K and 1500 K, contours are equi-density
lines (in g cm3) and vectors give the logarithmic mass flux.
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Fig. 30. Left: Emitted light. (e.g. ALMA)] and right: Scattered light (e.g. VLTI,
LINC-NIRVANA, ELT). 3D radiation hydro simulation of planet-disk interaction
for a study on the observability with various instruments. In the emitted light one
can observe the gap and the hot blob of gas generated by the accretion onto the
young planet. In the scattered light one will be able to observe the spiral waves
generated by planetary torques.
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